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Abstract

Harmonic mapping provides a natural way of mapping two manifolds by minimizing distortion induced by the mapping.
However, most applications are limited to mapping between 2D and/or 3D spaces owing to the high computational cost.
We propose a novel approach, the harmonic autoencoder (HAE), by approximating a harmonic mapping in a data-driven
way. The HAE learns a mapping from an input domain to a target domain that minimizes distortion and requires only a
small number of input—target reference pairs. The HAE can be applied to high-dimensional applications, such as human-
to-robot hand pose mapping. Our method can map from the input to the target domain while minimizing distortion over
the input samples, covering the target domain, and satisfying the reference pairs. This is achieved by extending an existing
neural network method called the contractive autoencoder. Starting from a contractive autoencoder, the HAE takes into
account a distance function between point clouds within the input and target domains, in addition to a penalty for estima-
tion error on reference points. For efficiently selecting a set of input—target reference pairs during the training process, we
introduce an adaptive optimization criterion. We demonstrate that pairs selected in this way yield a higher-performance
mapping than pairs selected randomly, and the mapping is comparable to that from pairs selected heuristically by the
experimenter. Our experimental results with synthetic data and human-to-robot hand pose data demonstrate that our
method can learn an effective mapping between the input and target domains.
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operate complex robotic systems more efficiently (Calinon,
2018).
In particular, the mapping of human hand pose to robotic

1. Introduction

1.1. Human-to-robot hand pose mapping

Finding a natural mapping between two different kinematic
structures or domains is of interest in many robotic applica-
tions for which an efficient and intuitive operation on the
target domain is desired by the human operator. Such appli-
cations include programming by demonstration (Chen and
Zelinsky, 2003; Dillmann et al., 2000; Kang and Ikeuchi,
1995) and teleoperation (Griffin et al., 2000; Hu et al.,
2004; Rohling et al., 1993). In these applications, common
approaches are kinesthetic teaching of a robot (Billard
et al., 2008), joystick-based control (Nagata et al., 2001),
or operation via a miniature model that has a kinematic
structure similar to that of the target robot (Portillo-Vélez
et al., 2013). The drawbacks of such approaches are that
the operator can only control a limited number of degrees
of freedom (DOFs) simultaneously and it is often cumber-
some to perform (Kormushev et al., 2011). A sophisticated,
but intuitive mapping interface would allow the user to

gripper state, or simply hand pose, is one of the most
actively studied subjects in the last three decades (Ciocarlie
and Allen, 2009; Cutkosky and Howe, 1990; Ekvall and
Kragic, 2004; Gioioso et al., 2013; Iberall, 1997; Kang and
Ikeuchi, 1997; Pao and Speeter, 1989; Peer et al., 2008).
Robot dexterity is often required to perform difficult tasks
including manufacturing (Falco et al., 2013), minimally
invasive surgery (Diodato et al., 2018), and space-based
operations (Lovchik and Diftler, 1999). Although the
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human hand can be easily configured for grasp, tool use, or
even as a tool itself (MacKenzie and Iberall, 1994), a natu-
ral mapping from a human hand to a robot gripper is not
always obvious. An intuitive human-to-robot hand mapping
would enable the transformation of skilled actions that are
intuitive for humans into functionally equivalent robot hand
poses. However, despite aesthetic similarities between the
human hand and anthropomorphic robotic grippers, deter-
mining a mapping between their poses is not trivial owing
to their different kinematic structures.

Most of the existing hand mapping strategies in the pub-
lic domain can be categorized into three classes: joint-to-
joint mapping, Cartesian mapping (usually of fingertip
positions), and object-based mapping, as investigated in a
recent review by Salvietti (2018). Joint-to-joint and
Cartesian mapping impose constraints on the choice of the
reference joints or Cartesian points, respectively, on hands/
fingers (Gioioso et al., 2013). Such methods are often
developed for specific robotic gripper kinematics, thereby
limiting the generalizability of the approach. A generic
methodology of automatically determining a desirable
mapping between two different kinematic structures can
save resources for structure-specific developments, and
also serve as a universal tool for analyzing and explaining
relationships between structures.

An object-based mapping method that can be applied to
a wide range of robotic hands is developed and studied in
Gioioso et al. (2013) and Salvietti et al. (2014). The main
idea is to use virtual ellipsoid objects, which are virtually
grasped by a human hand and a robotic gripper, to define
the similarity between the two different kinematic struc-
tures. Gioioso et al. (2013) presented a mathematically
organized framework for encoding human hand movements
based on the concept of the synergy into robotic hand con-
trol while pursuing effective grasping postures. A synergy
is a low-dimensional output of a principal component anal-
ysis (PCA) that has been applied to hand poses (Santello
et al., 1998). However, the method is only shown for
synergy-based grasping poses with manually chosen initial
hand poses. The mapping between two hand poses is deter-
mined based on the initial poses and incremental changes
of the virtual ellipsoids. Thus, it is possible that the output
of the mapping undesirably reaches joint limits or singular
configurations when initial pose pairs are not chosen prop-
erly, are transitioning from one pose to another, and/or
the hands are performing tasks other than grasping. In
addition, as mentioned by the authors, the method is com-
putationally expensive and is not amenable for real-time
applications.

In this study, we propose a novel, generalizable metho-
dology for mapping two different domains in a data-driven
way. Given a sufficient number of data samples from each
of two domains, our approach enables a continuous
domain-to-domain mapping based on a few reference
input/target pose pairs. Our task can be viewed as a semi-
supervised learning problem. Our goal is to define and
demonstrate a systematic and general framework for

mapping two different domains—including kinematic
structures—in a natural way that can be applied to, but is
not limited to, a real-time human-to-robot hand pose
mapping.

It is difficult to define a general performance measure
or a similarity metric between human and robot hand
poses. This is one of the main challenges in determining an
effective mapping between human and robot hand poses.
In Liarokapis et al. (2013), workspaces are compared for
each finger segment of the human and robotic hands to
quantifying anthropomorphism of robotic hands. However,
the finger segments to be compared need to be chosen
heuristically, since the set of fingers and finger segments of
robotic hands are not analogous to the human hand in
general.

We consider two key requirements for human-to-robot
hand pose mapping: First, the image of the map should
cover the entire target domain; this allows a human opera-
tor to perform as many robot gripper poses as possible.
Second, similar human hand poses should map to similar
robot gripper poses in a continuous manner; the mapping
should be understood intuitively by the operator in order to
promote efficient operation.

1.2. Harmonic Mapping

To satisfy the above-mentioned two requirements, we
employ a distortion-minimizing mapping between two
manifolds, called harmonic mapping. We adopt the mani-
fold hypothesis when analyzing our datasets, which
assumes that high dimensional real-world data are likely to
lie on much lower dimensional manifolds (Cayton, 2005;
Narayanan and Mitter, 2010).

In Park and Brockett (1994), the harmonic mapping is
suggested as a natural measure of kinematic dexterity in the
context of robotic mechanisms. This motivates the use of
harmonic maps for human-to-robot hand pose mapping;
e.g., teleoperation tasks would benefit from a mapping
between human and robot hand poses that maximizes kine-
matic dexterity. Our experimental results show that harmo-
nic mapping can satisfy the two aforementioned key
requirements for the mapping.

Most existing harmonic mapping applications are mainly
for image processing in between 2D and/or 3D spaces
(Choi et al., 2015; Joshi et al., 2007; Shi et al., 2017; Tang
et al., 2000; Zhang and Hebert, 1999). In these applications,
the harmonic mapping criterion is numerically calculated
based on meshes. As size and dimension are crucial factors
of computation time, these methods are not suitable for
real-time applications with high dimensionality. Lin et al.
(2010) linearly approximated the criterion for finding
lower-dimensional embeddings of image data, but the com-
putational complexity still grows cubically.

The self-organizing map is a mapping algorithm often
used for discretizing high-dimensional input data into a
low-dimensional grid (Kohonen, 1990). Similar to our
approach, the self-organizing map aims to find an effective
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mapping between two domains. However, the algorithm
relies on heuristics because there is no known, analytically
defined energy function (Erwin et al., 1992; Flexer, 1997,
Kohonen, 2013). The self-organizing map is also limited
by computational cost when mapping to a grid with greater
than three dimensions (Barhak and Fischer, 2001; Bauer
and Pawelzik, 1992; Flexer, 1997; Gorricha and Lobo,
2011).

Recently, there have been increasing attempts of apply-
ing neural network methods in various disciplines, includ-
ing robotics (Chong and Park, 2017; Giorelli et al., 2015;
He et al., 2016; Levine et al., 2018; Zhu et al., 2017). This
advancement is largely a result of to the flexibility of the
neural network as a global function approximator and its
fast estimation and calculation time after training. One such
neural network method is the contractive autoencoder
(CAE; Rifai et al., 2011), a generative-type neural network.
The CAE encodes input data from an observable data
domain to output representations in latent space, while con-
tracting the encoded information as a model regularizer.
The regularizer term used in CAEs is analogous to the dis-
tortion defined in harmonic mapping and, thus, the CAE
model can be seen as a special case of harmonic mapping.
We incorporate aspects of the CAE to map to the entire,
physical target domain, e.g., robot gripper poses, rather
than a latent representation.

1.3. The harmonic autoencoder

In this study, we introduce a learning-based harmonic map-
ping based on the CAE, which we refer to as the harmonic
autoencoder (HAE). Training the HAE requires a set of
sample points from the input and target domains, and a
small number of input—target reference pairs. The resultant
mapping minimizes distortion over the input samples and
covers the target domain, while satisfying the constraints
imposed by the reference data pairs. To achieve harmonic
mapping, we introduce two terms and add them to the orig-
inal CAE cost function. With the first term, we penalize
estimation errors on reference data pairs so that the resul-
tant mapping is expected to satisfy the data pairs. With the
second term, we minimize a distance measure between the
mapping output points and the sample points from the map-
ping’s target domain in order to encourage the mapping to
cover the target domain.

Our motivation for using the autoencoder framework is
the regularity it provides in an unsupervised way. Applying
the autoencoder network structure to physically meaningful
variables is one of the notable achievements of our study.
Assuming there exists an effective and intuitive mapping
between the input and target domains, we posit that the
mapped target data should be a regularized representation
of the input data, where the autoencoder structure can help
with learning the regularity.

We use both synthetic data and human-to-robot hand
pose data to test our method. We construct the synthetic
data from various geometric plane shapes that include

convex and concave features lying in 2D or 3D space. A
number of synthetic data points are sampled from the input
and target shapes so that the shapes can be sufficiently cov-
ered by the samples. The number of input and target sam-
ples are not required to be the same. The number of
human-to-robot hand pose data samples are relatively
sparse regarding its high-dimensional ambient space (R?®
in our case). In both cases, the experimental results show
that our proposed method can learn a mapping that suc-
cessfully covers the target domain while leveraging the
beneficial property of minimal distortion from harmonic
mapping.

To automate the entirce HAE framework, we suggest a
simple strategy of selecting reference data pairs adaptively
and autonomously during training. Our experimental
results show that the adaptive strategy outperforms the case
when the data pairs are chosen randomly or uniformly. The
result is comparable to the case when the reference data
pairs are chosen heuristically by the experimenter. We dis-
cuss observations on map folding and twisting, and show
that one of our proposed performance metrics for evaluat-
ing the learned mapping is sensitive enough to detect and
evaluate such extreme cases.

Using our proposed HAE approach, we present a robust
mapping that can continuously map between human and
robot hand poses in real time. We demonstrate that continu-
ous human hand poses can be mapped to robot hand poses
using a small number of reference pose pairs. This is espe-
cially useful for scenarios in which obtaining a large num-
ber of input-target data pairs, e.g., matching human and
robot hand poses, is expensive with regards to time and
effort.

The main contribution of this article is the presentation
of a novel and efficient method for mapping between two
different physically meaningful spaces ( e.g., kinematic
structures) using only a small number of reference pose
pairs. The proposed HAE method overcomes limitations of
existing mapping methods such as latent-only target spaces
(Bishop et al., 1998; Rifai et al., 2011) and/or high compu-
tational cost (Kohonen, 2013; Shi et al., 2017), thereby
making possible more real-time high-dimensional applica-
tions, e.g., human-to-robot hand pose mapping. To the best
of the authors knowledge, our study is the first implemen-
tation of harmonic mapping in a data-driven way. We offer
an extensive and mathematically exact foundation of the
proposed approach, followed by a comprehensive evalua-
tion with experiments using synthesized data and human-
to-robot hand pose data.

This article is organized as follows. Section 2 reviews
harmonic mapping and CAE concepts, and then describes
the overall framework and details of our HAE method. In
Section 3, we introduce four metrics to assess the mapping
performance, and discuss experimental results with syn-
thetic data and human-to-robot hand pose data. Concluding
remarks with future research directions are discussed in
Section 4. Notation frequently used in this article are sum-
marized in Appendix B.
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2. Learning methods
2.1. Preliminaries

2.1.1. Harmonic mapping. In this section, we briefly
describe harmonic mapping, the CAE, and their relation-
ship with one another.

An intuitive physical interpretation is offered in Eells
and Sampson (1964) and Park and Brockett (1994): sup-
pose it was desired to cover a solid surface X by an elastic
material Q; the distortion d(f) can be considered as the
elastic tension of each point in QO covering X. Harmonic
maps result in an equilibrium of minimum elastic energy.
We provide in the following a brief overview of harmonic
maps. For a complete definition and explanation of harmo-
nic mapping associated with Riemannian geometry, we
refer the reader to Eells and Sampson (1964).

A harmonic mapping is defined as a mapping which
minimizes the distortion between two manifolds. Let
f: Q0 — X denote a smooth mapping between two mani-
folds, O C RP2 and X ¢ RP*, and let J be its Jacobian,
ie, J= g—’; € RPx*Pe where g € Q. A distortion density
of / is defined as

(1)

where G € RPx*Px and H € RP2*P¢ are metric tensors
on X and Q, respectively, and 7r denotes the trace of a
matrix. The mapping f is harmonic if the derivative of
fQ d(f)dV with respect to f is zero, as a calculus of var-
iances problem, where V' is the volume measure on Q.

In most applications, an appropriate set of mapping con-
straints are required to determine a non-trivial harmonic
mapping f between two manifolds. Boundary conditions
are needed, such as input and target reference pairs, to pre-
vent the image of the mapping from shrinking to a single
point.

d(f)= %Tr(JTGJH*I)

2.1.2. Contractive autoencoder (CAE). A closely related
neural network model called the CAE was proposed by
Rifai et al. (2011). It is defined as

CAE(f.g: 0)= %Z{% lg — g/ (@)II? +A1||J|2f}
0y4e0
(2)

where O=1{q1, ..., qn-} is N§ data samples from the
0

input domain Q, g is a reconstruction function from X to

o, |- ||3T denotes the squared Frobenius norm (sum of
squared elements within a matrix), and A; is a user-
designated scalar coefficient.

In most autoencoder applications, including Rifai et al.
(2011), O and X are of a visible and latent variable space,
respectively. Note that if G and H are the identity matrices
( i.e., Euclidean distances are assumed in Q and X such

that all dimensions in Q and X are equally weighted), then
Equation (1) is reduced to ||/ ||2f /2 (see Appendix C). This
suggests that the second term of Equation (2), the regulari-
zer of CAE, is analogous to the distortion in the context of
harmonic maps. More specifically, the term can be inter-
preted as the expectation of the distortion density (when G
and H are identity matrices) over the data sample distribu-

tion, p(q):

1
§ o W1~ [ WiGrtas )

Qyeo

Note that if p(g) is a uniform distribution, the volume mea-
sure on Q can be defined as dv=p(q)dq, where all the
sample points will occupy the same volume. Thus, the reg-
ularizer term of CAE can be seen as a statistical approxima-
tion of harmonic mapping. Although the CAE does not set
explicit boundary constraints on the targeted latent space,
the image of /" in latent space typically does not shrink to a
single point. This is because the image needs to contain
sufficient information for reconstructing the visible vari-
able, enforced by the first term in Equation (2), which itself
is the basic autoencoder. The CAE aims to find a good rep-
resentation of input features in a high-dimensional target
latent space without labeled data. This latent representation
is fed to the next layer of a machine learning model, which
improves the overall performance of a target task, such as
regression or classification.

In this study, we propose to use CAE to implement har-
monic mapping given two domains. Given samples of input
states, g € RP4, and samples of output states, x € RPx, we
seek relationships between the two states, / and g. A small
number of reference input—target sample pairs are assumed
to be available. The reference pairs provide the only explicit
information on the input—target matching. The distortion of
f over the input domain is minimized while the mapping
covers the target domain sufficiently.

Note that the baseline CAE method does not promote
coverage of the target domain. We aim to find a mapping
to a physically meaningful space while covering the target
domain with minimal distortion given only a few reference
data pairs. In the next part, we introduce two additional
terms to Equation (2), the original CAE, in order to imple-
ment harmonic mapping in a data-driven way. With the
addition of these two terms, we define our proposed
method, the HAE.

2.2. Pinning and boundary attraction

We constrain the model to satisfy a set of L reference data
pairs (or “pinned points™), S = {(g;,x;))[i=1, ...,L}. This
is achieved by assigning a “pinning” cost term to the model
optimization as follows:

Pinf.g:8)= 7 S (/@I +alg @) (@)

(g.0)€S
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where « is a weighting coefficient for balancing the two
Euclidean distances. The two terms in Equation (4) are
ordinary error functions for feed-forward neural networks
in each mapping direction. By minimizing the error terms
in Equation (4), both f and g are driven to match the refer-
ence data set S. This constraint resists the mapping’s ten-
dency to shrink to a single point by pinning the given input
points to corresponding target points. Still, unless a suffi-
cient number of reference pairs are provided, the mapping
will shrink as much as possible to form concave shapes
(and, in some cases, wrinkles) while being stretched to the
reference pairs. Imagine stretching an elastic sheet using
only pushpins to tack the sheet down at certain locations.
Note that this approach differs from the traditional training
of neural networks with an error-minimizing cost function,
which requires a sufficiently large number of training sam-
ples. We assume that only a small number of reference data
pairs are available for training and treat them as constraints.
To cover the target domain more fully, we introduce a
“boundary attraction” cost term based on a distance mea-
sure between two point clouds, known as the undirected
Chamfer distance (UCD) (Athitsos and Sclaroff, 2003):

1 .

UCD(4, B)= N—Ai;r;ggna—bnz
ac

) . ) (5)

+ N—B;I}gjl lla — b

where Ny and Np denote the number of elements in sets 4
and B, respectively. For computational efficiency, both
terms on the right-hand side of Equation (5) can be
obtained by forming an Ng-by-N, distance matrix in which
element (i, ) is Dy = ||a; — b;||*; the first term is the aver-
age of the minimum values of each row, and the second
term is the average of the minimum values of each column.
Hence, the entire UCD term can be efficiently calculated
matrix-wise. Then, the boundary attraction in the target
domain is defined as UCD()~( ,f(Q)), where X is the set
of target domain samples and f(Q) is the mapping outputs
from the input samples Q. The boundary attraction in the
input domain can also be defined in the same manner,
UCD(Q, g(X)). Combining the two, we define a bidirec-
tional boundary attraction as follows:

BA(f,g; 0, X) = UCD(X,f(0)) + aUCD(Q,g(X)) (6)

where we use the same weighting coefficient « as in
Equation (4) in order to equally control for the effects of the
Pin and BA terms in the input domain. In our case, we set
the value of @ to 0 or 1. Note that Q and X are indepen-
dently sampled (not necessarily the same number of samples)
from the input and target domains, respectively. The BA term
can be evaluated without input—target pairing information.
By minimizing Equation (6), boundaries of the two
point clouds in each domain are attracted to each other.
That is, any point in one point cloud that is farther from
another point cloud is penalized more. The pinning and

boundary attraction constraints encourage the mapping to
match reference data points and cover both sample
domains, respectively.

2.3. Activation functions, Jacobian, and
distortion

In this study, we employ two-layer network models for /" and
g using the rectified linear unit ReLU (Nair and Hinton,
2010) and linear transformation as activation functions:

x=f(q)=Wahi + b,
G =8(X)=Wshy + by,

hi=ReLUW1q+b)) (7)
hy = RGLU(W})AC + b3) (8)
where the matrix W; and vector b; for i=1,2,3,4 are
model parameters.

Applying the chain rule to Equations (7) and (8), the

Jacobian matrix J, and, accordingly, the distortion ||J H%,
can be calculated as follows, per Appendices D and E:

J =W, - Diag(z) - W, 9)
Wlk= "o Wiy o miw),

ij

(10)

where Diag(z) is a diagonal matrix of which the ith diago-
nal element z; =1 if (W,q+ b,);>0 and 0 otherwise. The
© operator denotes element-wise multiplication.

2.4. Adaptive reference point selection

As we assume that obtaining an input-target data pair is
expensive, we propose an iterative method for efficiently
selecting these reference pairs based on intermediate train-
ing performance. Given an existing reference data pair set
Sy, and trained model function f;, at learning session step /,
we first determine the farthest point from the area covered
by the mapping f; in the target domain x*:

a(x)= min ||lx — fi(q)||*
q€0

(11)
(12)

x* = argmax a(x)
xeX

In practice, we use X instead of X in Equation (12), assum-
ing that the target samples sufficiently cover the target
domain. After identifying ¢* that maps to x*, the next set of
reference pairs is updated to Sy 1 =38, U {(¢*,x*)}. The
mapping is then stretched to the new reference pair (pinned
points) using Equation (4).

In this study, we constrain the order to first choosing x*,
then ¢g*. We choose this order by considering a human-to-
robot hand pose mapping scenario in practice, where the
reference pairs are determined on demand during the
mapping-learning phase. This can be viewed as an iterative
human-in-the-loop training process. Once x* is determined,
the corresponding robot hand pose is presented to the
human operator (e.g., via the actual robot or a computer
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simulation). The human operator then uses intuition to
mimic the robot hand pose to set ¢g*. Our underlying
assumption is that human intuition is advantageous in
achieving a natural mapping. However, this order can be
modified according to the application. From the process,
we obtain the reference pairs (¢*, x*) that are used to define
the reference data set S in Equation (4). A demonstration
of this process is shown in Extension 1.

2.5. The HAE framework

Our overall HAE cost function is formulated as

HAE(Q, X, S; ©) = CAE(Q) + A,Pin(S) + A3BA(X, 0)
(13)

where CAE refers to the baseline CAE in Equation (2),
Pin is the “pinning” cost term defined in Equation (4), BA
represents the boundary attraction defined in Equation (6),
A, and A3 are weighting coefficients, and © =
{W1, Wy, W3, Wa,by,b3,b3,bs} is a set of model para-
meters. We refer to the model in Equation (13) as the
HAE.

Our learning framework is stated in Algorithm 1. Note
that L is the total number of reference pairs used for train-
ing the model. As a result, learning occurs over a total of
L+ 1 sessions.

In our experiments, we also compare the HAE model per-
formance with and without applying the adaptive reference
point selection. When the adaptive selection is not applied, a
fixed set of reference pairs Sgixeq are provided. In those cases,
we set So = Stixed and skip lines 3-5 in Algorithm 1.

3. Experimental results and discussion

3.1. Performance measures

To assess and compare the resultant mappings in our
experiments, we define four performance measures.

Algorithm 1 HAE framework

Given:

Q: data samples from the input domain

X': data samples from the target domain

So: an initial set of reference data pairs (= ()
Parameters:

®: model parameters of HAE in Equation (13)
l:for { —0,...,L-1do
2: O «— argmin HAE(Q, X, S/;®) > with M; epochs

©

3:  Get next target reference point x* from Equations (11) and

(12)

4:  Identify ¢* that maps to x*

500 Spp1 = SeU(ghx")

6: end for

7: ® «— argmin HAE(Q, X,S,;0) > with M, epochs
]

> e.g., using human intuition

3.1.1. Sample mean distortion. As is commonly done, we
calculate the sample mean distortion d of Equation (3) over
the test set:

-~ 1
d(f:0)= 5= VIl
0 4e0

(14)

A small value of the distortion measure indicates small
average elastic energy stored in the mapping. In Park and
Brockett (1994), fQ d(f)dV is suggested to evaluate the
global kinematic dexterity of robotic mechanisms when
mapping from joint space to end-effector workspace. In
Rifai et al. (2011), the measure of Equation (14) is treated
as a local contraction measure. The measure was shown to
be strongly correlated to the model performance,
which was validated by taking the latent output representa-
tion as input to various classification tasks; a good latent
representation of raw data results in high classification
accuracy.

Note that the distortion measure cannot be the sole indi-
cator of performance since a mapping to a single point
would output the minimum value. Thus, we also need a
performance measure to evaluate coverage of the mapping
over the target domain, which we describe next.

3.1.2. Target domain volume occupancy. To evaluate the
mapping coverage of the target domain, we define a vol-
ume occupancy measure VO based on sample data points
as follows:

1, ifmin [lx —/(q)|* <e

9€0
0, otherwise

c(x; 0) £

YO 0.0)= -3 e 0)

X

(16)

xeX

where € is a user-defined distance threshold in the target
domain. We choose € such that a set of N~ small hyper-
spheres with radius /€/2, uniformly distributed in the tar-
get domain, reflects the entire volume of the target domain.
The choice of € is based on the assumption that O and X
are uniformly sampled from their respective domains.

This VO performance measure evaluates the percentage
of the target domain volume that is occupied by the map-
ping’s output point cloud. As available, the target domain
samples X can be replaced by dense grid points covering
the target domain, which will allow a deterministic evalua-
tion of the coverage. However, as dimensionality increases,
such a dense grid becomes computationally expensive or
impossible to obtain experimentally. For a consistent use of
the target domain volume occupancy measure, we use ran-
dom samples X for each of the synthetic and human-to-
robot hand pose data experiments, so that the volume occu-
pancy is evaluated in a statistical way.
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3.1.3. K-nearest neighbor inverse image dissimilarity. We
assume that similar input points should map to similar tar-
get points. We evaluate whether neighboring points in the
target domain are indeed mapped from neighboring points
in the input domain.

We introduce a novel measure, the K-nearest neighbor
inverse image dissimilarity metric d—Knn, defined as
follows:

d — Knn(f; 0))
| @ = Gran) I
N D S T

O

(17)

where f(0) 2 {f@lq € @}, and X, denotes a point in
K-nearest neighbors of X in the target space. That is,
Xknn € {x|x is the kth nearestpointof x, k=1, ...,K}.
We set the total number of neighboring points K =10 in
our experiments. Equation (17) measures the average dis-
tance between the inverse image of a target point f~!(%)
and the inverse image of the target point’s neighboring
point £ ~!(Xxnn). Note that £~ !(%) denotes ¢ € Q such that
f(q) =x from Equation (7). Thus, /~'(%) and £~ (Xxnn) are
directly available by identifying corresponding pairs from
Q. The average distance between the inverse images of the
target point and its neighboring point is normalized by the
average distance between the target point X and its neigh-
boring point Xgpp.

This dissimilarity measure will have large values when
very dissimilar inputs are mapped to similar, neighboring
points. For example, two distant points in the input domain
0 can be mapped to a narrow region in the target domain
X. The output mapping will then be undesirably “twisted”
or “folded” and the dissimilarity measure will be large.

3.1.4. Normalized mean square error. Since ground-truth
data for harmonic mapping are available when using syn-
thetic data, we measure the difference between the ground-
truth target and the output from the trained model in our
synthetic data experiment (Section 3.2). The normalized
mean square error is defined as follows:

NMSE(f;DQ,X)zN; > Ix-s@l?

Do.x o?(x) (¢.)€Dg x
(18)

where Dy x is a set of Np,, ground-truth input-target
pairs (g, x), and o(x) denotes the variance of x over Dy .
This measure evaluates how close the resultant mapping is
to the numerically generated harmonic mapping in terms of
squared Euclidean distance sum, normalized with respect
to the sample variance. Note that this measure is only
applied to the synthetic data experiment to assess the pro-
posed mapping method. It is not applicable in the human-
to-robot hand pose data experiment since there are no avail-
able ground-truth data pairs available for human-to-robot
hand pose mapping.

3.2. Experiment with synthetic data

In order to analyze and verify our models with various con-
trolled conditions, we ran experiments using synthetic data
on our model. The results were evaluated using the perfor-
mance measures mentioned previously.

To validate our model, we evaluated seven different cost
functions (Table 1): pinning (Pin), CAE with pinning
(CAE + Pin), Pin with boundary attraction (Pin + BA), Pin
with boundary attraction and distortion minimization
(v Hzf + Pin + BA), HAE without adaptive reference point
selection (HAE) for the cases « =0 and @ =1, and HAE
with adaptive reference point selection (HAE (adap)) with
a=1. Recall that « is the weighting coefficient for the
input domain cost terms used in Equations (4) and (6). The
cost term Pin is defined by Equation (4); CAE + Pin is
Equation (13) with A3 =0. Note that CAE without any
constraint will result in an arbitrary mapping which is of
little interest. We set o =0 for all models unless otherwise
noted. The set of reference pairs S for all the models,
except for HAE (adap), were randomly selected from avail-
able samples using the same random seed over the com-
pared models.

3.2.1. Synthetic data. We chose various shapes, both 2D
and 3D, that include convex and concave features. By

Table 1. Cost function terms and applied constraint features for the models compared in our experiments. In the second column, AE
denotes autoencoder. In the last column, equation numbers are referenced.

Cost functions Constraints Equations
AE | J % Pin BA
(Baselines)
Pin v A2 (4)
CAE + Pin v v v Q) +r 4
Pin + BA v v Az (4)+A3 (6)
| J ||+ Pin+BA v v v A B)+A2 @) +A;(6)
HAE (a=0) v v v v (13)
HAE (a=1) v v v v (13)
HAE (adap, a=1) v v v v (13)
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Fig. 1. Synthetic harmonic mapping data of four types of input—target pairs. Top row: input domains Q, Bottom row: target domains
X; (a), (e) SP1 = 3D clover to 2D square; (b), (f) SP2 = 3D U-shape to 2D triangle; (c), (g) SP3 = 3D circle to 2D U-shape; (d), (h)
SP4 = 2D square to 3D clover. Boundary segment points with number of 436456 are matched between input and target domains. For
clarity, only 10 representative matching points are shown for each shape: (g;,x;) fori € {1, ..., 10}.

choosing from a wide variety of shapes, we show the versa-  synthesized using numerically implemented harmonic maps
tility of our method and its potential as a universal mapping  given the input grid points, as illustrated in Figure 1. Each
tool. The experiment with synthetic data not only allows us  element of the Jacobian matrix was constructed using
to compare the resultant mappings with ground-truth maps, numerical differentiation over grid points defined on each
but also to visually inspect the resultant mappings for topo-  of the input shapes. The ground-truth pairs were utilized
logical errors, e.g., twisting and folding. for evaluating the NMSE defined in Section 3.1.4, and

We generated synthetic data from R> to R? for three compared with the output of the HAE model. Note that the
cases and from R? to R? for one case. The four input—target ~ ground-truth target data were not used for training the HAE
domain pairs are shown in Figure 1. The grid covering each  model. Instead, 8,000 data points were sampled from each
input domain was determined by a 48-by-48 2D square grid  of the target shapes for training in order to ensure that input
which compactly covers bounded areas within each shape: samples and target samples are sampled independently.
clover, U-shape, circle, and square. The clover grid was
projected onto a sphere in 3D space (Figure 1(a)), and the  3.2.2. Model learning configuration. Using the four sets of
grids of the U-shape and circle were projected onto a cylin-  input-target shape pairs, SP1 to SP4, the HAE of Equation
der in 3D space (Figure 1(b) and (c)). The square grid was  (13) was minimized over the training set with 8,000 + 100L
retained as 2D input (Figure 1(d)). The number of resultant  learning epochs (M; = 100, M, = 8,000) for L number of
grid points in the input shapes 3D clover, 3D U-shape, 3D  reference pairs. To determine the number of reference pairs
circle, and 2D square were 1,409, 952, 1,709, and 2,209, for learning an effective mapping, we trained the HAE
respectively. We took 50% randomly permuted samples model with a range of reference pairs (between 1 and 8). In
from the grid points of each input shape as a training set, each session, the next reference pair is determined and
and used the rest as a test set. added to S for the next session.

The input shapes were paired with 2D square, 2D trian- The hidden variables 4, and s, were both set to values
gle, 2D U-shape, and 3D clover, respectively (Figure 1(e)}- of 300. We set the coefficients (Aj,A,A3) as
(h)). This resulted in four input Q and target X shape pairs  (0.005, 1.0, 5.0) for all four shape pairs. The coefficient A3
(SP): SP1 = 3D clover input and 2D square output, SP2 =  was kept at zero until the 1,000th epoch of the last session,
3D U-shape input and 2D triangle output, SP3 = 3D circle then linearly increased to its full value over 2,000 epochs
input and 2D U-shape output, and SP4 = 2D square input  to reduce sudden impact during optimization. The purpose
and 3D clover output. For each of the shape pairs, the of this dynamic parameter adaptation is further explained
ground-truth set of input-target sample pairs Dy y was in Section 3.2.3. One can modify these epoch numbers
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depending on the learning rate of the HAE model. Having
A3 start at its full value was found to cause folding and
twisting of the mapping.

These hyperparameters were manually selected so that
the map learning process would be performed robustly over
the four different shape pairs with an identical set of hyper-
parameter values. Of the hyperparameter set, only A, was
changed when switching from the synthetic data to the
human and robot hand pose data in Section 3.3.

The epoch number for the final learning session M; was
set larger than the epoch number for the previous learning
sessions M) in order to enable model flexibility during the
reference pair selections, and then to stabilize the model
once all of the reference pairs had been selected.
Controlling the number of epochs in this way helps the
model to avoid getting stuck in local minima before all of
the reference pairs have been selected.

The training was conducted using Tensorflow-gpu 1.3.0
in Python 2.7 running on a PC with an Intel Core 17-6800K
CPU at 3.40 GHz, and a GeForce GTX 1080 GPU. We used
the Adam optimizer with Nesterov momentum (Nadam)
(Dozat, 2016) with an initial learning rate of 5 x 10~ and
exponential weight decay of 0.99 after 300 steps. The train-
ing procedure consumed, on average, 76 seconds per model
(with L =4) in our experimental environment.

3.2.3. Results and discussion. Each of the seven model
types were evaluated using the four measures defined in
Section 3.1: sample mean distortion (d), target domain vol-
ume occupancy (VO), K-nearest neighbor inverse image
dissimilarity (d-Knn), and NMSE. For each model type, all
the data sampling, training, and testing procedures were
repeated 10 times; mean and standard deviation values of
the measure evaluations are reported in Table 2 for L = 4."

The main purpose for evaluating the Pin and CAE + Pin
models is to highlight the role of each term in the HAE
cost function, and to provide baseline evaluation values.
Another purpose is to show that our method achieves
desired properties of harmonic mapping compared with
those baseline methods. Note that Pin and CAE + Pin do
not utilize information from the target domain (data sam-
ples X ), which was used to evaluate the boundary attrac-
tion terms in other models.

Not surprisingly, CAE + Pin achieved the best perfor-
mance for all the shape pairs with respect to sample mean
distortion d, because CAE + Pin explicitly minimizes the
distortion term with relatively loose constraints. On the other
hand, CAE + Pin failed to cover the target domains, resulting
in low performances with respect to the volume occupancy
measure, VO. However, by adding the boundary attraction
constraint, we show that significantly higher performance
with respect to VO can be achieved simultaneously.

Among the methods achieving comparable performance
for VO, HAE (a =0) performed the best out of all shape
pair cases in terms of distortion, d. For all shape pairs, the
improvement of the d values of HAE (a = 0) are marginal

Table 2. Model performance comparison for synthetic data (test
set) with four reference pairs (L =4). Seven different models are
compared with respect to sample mean distortion (d), target
domain volume occupancy (VO), K-nearest neighbor inverse
image dissimilarity (d-Knn), and NMSE over four cases: (a) SP1
= 3D clover to 2D square, (b) SP2 = 3D U-shape to 2D triangle,
(c) SP3 = 3D Circle to 2D U-shape, and (d) SP4 = 2D square to
3D clover. Each model is trained and tested for 10 repetitions.
Mean and standard deviation (in parentheses) values are shown.
Bold text indicates the best performance for the given measure.

(a) 3D clover to 2D square

Cost functions Measures

(L=4) d Vo d-Knn NMSE

(Baselines)

Pin 1.715 0.561 90.413 0.271
(0.359) (0.118) (72.694)  (0.168)

CAE + Pin 0914 0.464 11.646 0.319
(0.286) (0.093) (0.961) (0.099)

Pin+BA 2.896 0.974 13.595 0.084
(0.212) (0.009) (4.870)  (0.029)

| J||#+Pin+BA  1.937 0.971 10.506  0.096
(0.098) (0.006) (4.130)  (0.043)

HAE (a=0) 1.786 0.969 5.177 0.108
(0.140) (0.003) (1.068) (0.052)

HAE (a=1) 1.839 0.971 4.144 0.109
(0.081) (0.007) (0.372)  (0.040)

HAE (adap, a=1) 2.085 0.982 4.503 0.027
(0.034) (0.004) (0.166)  (0.002)

(b) 3D U-shape to 2D triangle

Cost functions Measures

(L=4) d 140] d-Knn NMSE

(Baselines)

Pin 1.154 0.548 168.100 0.572
(0.267) (0.134) (118.162) (0.330)

CAE + Pin 0.565 0.472 13.845 0.594
(0.136) (0.090) (5.984) (0.338)

Pin + BA 1.860 0.965 71.037 0.387
(0.207) (0.021) (33.390) (0.459)

| J||>+Pin+BA 1.186 0.958 46.145 0.445
(0.140) (0.019) (27.227) (0.415)

HAE (a=0) 1.132 0.950 13.121 0.516
(0.144) (0.030) (7.267) (0.484)

HAE (a=1) 1.394 0.948 9.827 0.298
(0.225) (0.039) (3.012)  (0.206)

HAE (adap, a=1) 1.533 0.966 8.018 0.082
(0.128) (0.016) (1.226) (0.057)

(c) 3D circle to 2D U-shape

Cost functions Measures

(L=4) d 140) d-Knn NMSE

(Baselines)

Pin 1.015 0.388 547.117 0.529
(0.208) (0.134) (286.404) (0.235)

(continued)
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Table 2. Continued

(c) 3D circle to 2D U-shape

Cost functions Measures
(L=4) d Vo d-Knn NMSE
CAE + Pin 0.583 0.390 14.526 0.525
(0.106) (0.059) (3.753) (0.397)
Pin + BA 2.263 0.954 62.308 0.361
(0.199) (0.022) (42.230) (0.403)
|| J H% + Pin + BA 1.598 0.923 110.493 0.566
(0.116) (0.045) (107.044) (0.727)
HAE (a=0) 1.533 0.924 11.260 0.341
(0.141) (0.051) (6.792) (0.449)
HAE (a=1) 1.820 0.920 13.567 0.295
(0.339) (0.045) (12.567)  (0.182)
HAE (adap, a=1) 1.671 0.968 5.584 0.133
(0.032) (0.005) (0.229) (0.010)
(d) 2D square to 3D clover
Cost functions Measures
(L=4) d 140 d-Knn NMSE
(Baselines)
Pin 2.439 0.108 2.981 0.764
(0.973) (0.060) (4.154) (0.399)
CAE + Pin 1.026 0.052 6.318 0.604
(0.438) (0.025) (1.764) (0.308)
Pin+ BA 5.533 0.873 5.113 0.274
(0.486) (0.020) (4.706)  (0.158)
| J H% +Pin+BA  4.789 0.858 10.037 0.325
(0.613) (0.021) (8.678) (0.134)
HAE (a=0) 4.565 0.868 1.877 0.275
(0.167) (0.015) (0.589)  (0.093)
HAE (a=1) 4813 0.874 1.184 0.218
(0.111) (0.012) (0.250) (0.071)
HAE (adap, a=1) 5.340 0.878 1.319 0.146
(0.189) (0.007) (0.121)  (0.029)

(except for SP1) compared with the |lJ|| + Pin+BA
model, which also explicitly minimizes the distortion (p-
values of the standard one-sample -test for the shape pairs
are 8.2 x 1074, 0.21, 0.19, 0.24 for SP1, SP2, SP3, SP4,
respectively), but are significantly larger compared with
Pin+ BA without the distortion-reducing term ||.J ||2f (p-
values of the #-test are 4.6 x 1077, 3.2 x 107>, 1.3 x 107>,
1.5 x 10~* for SP1, SP2, SP3, SP4, respectively).

HAE (adap, a = 1) outperformed all other models with
respect to VO and NMSE for SP1 and SP4 (Table 2(a) and
(d)), and with respect to V'O, d-Knn, and NMSE for the cases
of SP2 and SP3 (Table 2(b) and (c)). The four performance
measure values for SP1 are plotted as a function of learning
epoch in Figure 2 (see Appendix F for SP2, SP3, and SP4
results). The HAE (adap, @ = 1) converged more slowly than
other models, but gained its above-stated competitiveness after
2,000 epochs of learning. Note that it took less then two min-
utes to complete 8,000 epochs for the number of reference
pairs ranging from 1 to 8.

Snapshots of the map learning process of HAE (adap,
a =1, L=4) for the four input-—target shape pairs are illu-
strated in Figure 3. Each image of the maps started in a con-
tracted state. Then, the images were stretched to the next
reference point which is chosen as the most vacant point
within the target domain. All of the reference pairs were
matched after five sessions (L + 1 sessions given L=4 refer-
ence pairs) of training (including the initial session, / =0),
then the boundaries were matched via boundary attraction
from Equation (6).

The final learned mappings are shown in the last column
of Figure 3 for each of the four shape pairs. In each case, it
is shown that the learned mapping for each shape pair suc-
cessfully covers the target domain area with matched
boundaries. The resultant maps showed similar grid struc-
tures to the original harmonic maps as shown in Figure
1(e)—(h), however, they also had noticeable wrinkles com-
pared with their ground-truth counterparts. Note that the
original harmonic maps were calculated by numerical com-
putation of derivatives with sufficient time and number of
boundary matching point information. Our method serves
as an efficient tool for approximating harmonic maps given
data samples and limited input-target observations, with
fast model construction and real-time estimation for new
data points.

Volume occupancy and NMSE performances for SP1
with respect to the number of provided reference pairs are
shown in Figure 4 and 5 (see Appendix F for SP2, SP3, and
SP4 results). In addition to HAE and HAE (adap), HAE
with heuristically chosen reference pairs, HAE (fixed), was
also compared; uniformly segmented boundary points in
each of the input and target domains were selected for HAE
(fixed). All of the models consistently reached target vol-
ume occupancy larger than 0.84. In particular, HAE (adap)
outperformed others with more than three reference pairs
(L>3). Although NMSE values ( i.e., difference to target
values from the ground-truth mapping) were all compara-
ble, HAE (adap) and HAE (fixed) slightly outperformed the
basic HAE in most cases. HAE (adap) also tended to con-
verge faster with a smaller number of reference pairs than
the other two cases.

In some cases a “folded” or “twisted” mapping was
learned, as shown in Figure 6. The phenomenon is not new
and has been mentioned in previous literature related to the
self-organizing map. Folded and twisted grid structures
were found and investigated in Kiviluoto (1996) and Aoki
et al. (2007), respectively. It is known that choosing appro-
priate criteria for determining the neighborhood points is
the key to avoiding such defects.

A similar approach for the HAE can be achieved by tun-
ing the hyperparameters. Empirically, we found that dyna-
mically adjusting the hyperparameters was more effective
than using constant values for avoiding such extreme
defects as folding or twisting. We limited the initial effect
of the boundary attraction term during training in order to
reduce topological defects in the learned mapping. When
the boundary attraction term is active early in the model
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Fig. 2. Mapping evaluation curves (L=4) with respect to learning epoch for synthetic data (SP1 = 3D clover to 2D square): (a) sample
mean distortion d, (b) volume occupancy VO, (c) K-nearest neighbor inverse image dissimilarity d-Knn, and (d) NMSE. Mean values
over 10 independent repetitions for each method are shown. For the results of other shape pairs, see Appendix F.

training procedure, the mapping will tend to stretch towards
the boundaries quickly, causing subsequent pinnings to dis-
tort the mapping and result in twisting. To minimize defects
such as twisting, we effectively turned off the boundary
attraction constraint (by initially setting A3 to zero) until all
reference pairs had been matched and stabilized. Then we
activated the boundary attraction constraint and linearly
increased A3 to its full value over a number of epochs
(2,000 epochs in our experiments).

In Figure 6, Equation (17) defined for d-Knn is evalu-
ated for each data point (not averaged over x € f(Q)) and
shown as a heatmap. The results highlight regions of fold-
ing and/or twisting because similar outputs are not necessa-
rily from similar inputs for those cases. One of the
important roles of reconstruction (the first term of Equation
(2)) in the input domain is to encourage the image of the
mapping to contain complete, as possible, information of
the original input, so that the mapping is learned close to
one-to-one between the two manifolds, which results in
lower d-Knn values. This implies that the autoencoder
structure of the HAE also reduces the defects in the learned
mapping, in addition to enabling dynamic hyperparameter

adjustment. As can be read from Table 2, d-Knn values
were reduced significantly from the |J||% + Pin+ BA
model to the HAE (a = 0) model where the only difference
is the autoencoder reconstruction term.

The performances of HAE models with respect to «
were mixed, for both HAE and HAE (adap). We interpret
that «, a ratio coefficient between Euclidean distances of
input and target domains, can be treated as a hyperpara-
meter that can be tuned according to specific domains of
the applications. For the purposes of this article, we did not
tune this hyperparameter; we compared the models with
fixed values of « (either 1 or 0).

3.3. Experiment with human and robot hand pose
data

Here, we compare the same seven models (Table 1) evalu-
ated in Section 3.2 using human and robot hand pose data.
To make subsequent descriptions clear, we introduce anato-
mical terms for the human hand, as shown in Figure 7. The
bones in each finger starting from the tip are termed distal,
middle, and proximal phalanges, respectively. Proximal



Chong et al. 545

SN,
NS
INSASSN
. NSNS
g INNNANAY
AN
7 N ‘\.\ i
i INIANAAY 2
/ AR
N 57
AN .
{k ? £ WY

U
1 foin)
N,
L g
/! ,,z,,,‘/g,;;:a”mm'.
1 assans,
N
/ /I[,,;lllllllli!lllll'.'i

AN
iipyfatin 0 AN
A o
17171 N )
)=
vias i 0
M s
A T
§i8 .
\f 7% 7455
N Gl

- oot iy T
s 7 ::.,,',,,;",,/'ll.,',"' \\\\\“\\“\t
B R g ] '\‘3‘\‘\‘1‘"‘3“3“6\‘\\‘\!
Vi L i NS ettt '\‘3“3\“%‘\\“&'{1\\‘:\\‘\
AT TR ags i) i
’ sttt AR D A
HH ARONONNSS i b
1 LI MRS T A
14l fith gyt HRREARR O i
st At ittty OSOONL AV et il
ot g1 cottrtt AN VSRS i
it i NS o
s i RO s o
iy i ; .
et I 7
0
ok D i
s TR = 7
ety OO = 2
W s WAAERY S/
e et 00 e s 0rs o000 000 % ST
S AT DAALALALAL RSS2 o2 )
(i RS S
\Iilotete e e 000100 00,0,2,20,%25%02% 55
%

Fig. 3. Mapping results of HAE (adap, L =4) during the learning process with synthetic data (test set). Row 1: SP1 = 3D clover to
2D square, row 2: SP2 = 3D U-shape to 2D triangle, row 3: SP3 = 3D circle to 2D U-shape, row 4: SP4 = 2D square to 3D clover.
The five columns, from left to right, correspond to training session 1 to 5, respectively. The numbered points denote the reference
points (Pins), which are updated sequentially during the learning process. The coefficient A3 in Equation (13) is set to zero until the
1,000th epoch of session 5, after which A3 is linearly increased to a value of one over the course of 2,000 epochs.

phalanges are connected to metacarpal bones, which are 3.3.1. Hardware setup. Encoding human hand pose. A
connected to the wrist bones. It has been reported that a custom sensor glove was used for collecting human hand
human hand can be modeled with 21 DOFs, excluding pose data, as shown in Figure 8(a). A total of 16 inertial
wrist motion Lin et al. (2000). The joints of each finger measurement unit (IMU) sensors (BNOO0S55, Bosch
starting from the tip are named distal interphalangeal Sensortec, Germany) were mounted on a fabric-based
(DIP), proximal interphalangeal (PIP), and metacarpopha- glove. One IMU was placed on the dorsal aspect of the
langeal (MCP) joints, respectively. For the DIP and PIP  hand. For the thumb, one IMU was placed over each of the
joints, 1-DOF hinges are typically assumed. The MCP is phalanges and the first metacarpal. For the remaining fin-
modeled as a 2-DOF universal joint. Exceptionally, the gers, one IMU was placed over each of the phalanges.
thumb has no middle phalanx and has different joint DOFs; Each 9-DOF IMU is composed of a 3D accelerometer, 3D

Hollister et al. (1992) suggested five non-intersecting, non-  gyroscope, and 3D magnetometer.
orthogonal DOFs for the thumb.
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synthetic data (SP1 = 3D clover to 2D square). Results for the
remaining shape pairs are shown in Appendix F.

Robotic gripper. We used the Robotiq 3-Finger
Adaptive Gripper (Robotiq Inc., QC, Canada), which is a
robot gripper designed for industrial applications as shown
in Figure 8(b). Each of the three articulated fingers has
three joints and is underactuated, which allows the gripper
to mechanically conform to the object being grasped. As a
result, the configuration of the hand cannot be directly
computed because there is only one position reading at the
base of each finger. There are a total of four DOFs: open-
close for each of the three fingers, and a lateral, scissor-like
motion between two fingers.

We surmised that mapping poses from a human hand to
a 3-finger robot hand (4 DOFs) would be the most

interesting among popular gripper configurations. First,
mapping to a simple 1-DOF gripper is relatively trivial.
Second, mapping to a 5-digit robot hand can be made intui-
tive by using a finger-to-finger mapping. For our demon-
stration, we purposely selected a non-anthropomorphic 3-
finger robot hand, which is standard in industry and com-
mon in research labs. The additional lateral DOF of the
Robotiq 3-finger gripper introduces additional complexity
to our task by allowing the mapping of human hand abduc-
tion/adduction capabilities.

3.3.2. Data collection protocol and specification. The pla-
cement of the IMU sensors and the collected joint DOFs
are shown in Figure 8(a). During data collection via the
sensor glove, there were additional DOFs owing to sliding
between the glove fabric and the human hand, especially at
the MCP joint of each finger. Thus, we assumed one extra
DOF each for the CMC joint of the thumb and the MCP
joint of each remaining finger, resulting in a total of 25
DOFs for the entire sensor glove system.

Human hand pose data were collected via the sensor
glove by a human operator performing continuous move-
ments: making a fist, flattening the palm, flexing and
extending each finger individually as well as multiple fin-
gers simultaneously, and gathering the fingertips together.
Data were collected at a sampling rate of 9.2 Hz, resulting
in 381 samples for the training set Q.,;,, and 254 samples
for the test set Q.- B

Random uniform samples from the robot gripper X
were collected according to the configuration space of the
specific robot gripper structure shown in Figure 8(b). We
sampled 8,000 data points X for training the HAE. The
maximum gripper opening is 155 mm; the maximum lat-
eral separation for the scissor-like motion is 32° (Robotiq
Inc., 2016).

The robot gripper pose can be represented with four
state values: x = [x4, X, Xc, Xs]. The values x4, x5, and x¢
correspond to the open—close state of fingers A, B, and C,
respectively, and the value xg denotes the state for lateral
motion between fingers B and C. The configuration space
CS can be described as CS=CSyNCS;, where
CSp={x|x;x €[0,255] V k€ {4,B,C,S}}. That is, all
four states range from 0 to 255 real values. In addition,
CSl = {x|x5 <Bpinch()R max (xA +XxB,X4 +xC) < 'ypinch}’
such that the open—close motions of the three fingers are
constrained when their configuration is in a “pinch grasp"
mode (i.€., Xs = Bpincp)- The following thresholds were set:
Bpinch =180 and ypinch =290.

Here, we aim to cover the entire configuration space of
the robot gripper so that CS is the target domain of the
mapping. However, the user can elect to define the target
domain in order to take into account additional constraints,
e.g., obstacles or self-collision.

3.3.3. Model learning configuration. We set the coeffi-
cients (A1,A2,A3) as (0.005,2.0,5.0) in Equations (2) and
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Fig. 6. The K-nearest neighbor inverse image dissimilarity measure d-Knn of Equation (17) is evaluated in an element-wise way (i.c.,
not averaged over x € f(Q)) over target domain and shown as a heatmap; values are capped at 100 to show clearer heatmap
distributions. (a) A folding example for the SP1 3D clover to 2D square case using || J ||% 4+ Pin+ BA (L =4) and (b) a twisting
example for the SP3 3D circle to 2D U-shape case using HAE (a=0, L =4). The measure successfully captures regions of folding or
twisting where similar outputs are not necessarily from similar inputs.
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Fig. 7. A schematic of bones and joints of the human (left) hand.

(13), and set 300 dimensions for both of the hidden vari-
ables %, and /4, in Equations (7) and (8). For the rest of the
experimental settings, we used the same values as the syn-
thetic data experiment including the number of hidden vari-
ables and the computational environment. The training
procedure took 188 seconds for the HAE (adap) model
(with L =28), including time for the operator to provide
human hand pose demonstrations during the training by
using intuition to mimic the robot gripper poses, which are
automatically selected by the adaptive model.

3.3.4. Results and discussion. As with the synthetic data
experiment in Section 3.2, we compare and discuss the
seven neural network structures shown in Table 1.

Fig. 8. (a) Custom sensor glove equipped with 16 IMU sensors.
Red and green circles mark the sensors used to estimate joint
angles for presumed 1-DOF and 3-DOF joints, respectively. The
sensor on the dorsum of the hand, circled in magenta, was used
as the base frame for all digits. (b) 4-DOF underactuated robot
gripper (Robotiq 3-Finger Adaptive Gripper). Each finger (A, B,
C) has one open—close DOF. An additional lateral, scissor-like
DOF exists between fingers B and C.

Reference point pairs S for all of the models except for the
HAE (adap) model were selected heuristically from 10
poses as listed in Table 3.

The first L poses among the 10 poses listed were chosen
as L reference pairs for training each model. The three per-
formance measures d, VO, and d-Knn were evaluated for
each model. Mapping results are reported in Table 4 for
L =28. Each model was trained and evaluated for 10 inde-
pendent repetitions.

As with the synthetic data experiment, the CAE + Pin
achieved the best performance with respect to d, but failed
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Table 3. Robot gripper poses that were selected heuristically and
used to provide target points x of reference pairs to all models
except for the HAE (adap).

Index Description X =|x4,Xp,XC,Xs]
i pinch close 125, 125, 125, 255
ii pinch open 0, 0,0, 255

iii finger A open 0, 255, 255, 130
iv finger B open 255, 0, 255, 130

\% finger C open 255,255, 0, 130
vi finger A, B open 0, 0, 255, 130

vii finger B, C open 255,0,0, 130

viii finger C, A open 0, 255, 0, 130

ix all fingers close 255, 255, 255, 130
X all fingers open 0,0,0,0

Table 4. Model performance comparison for human-to-robot
hand pose data (test set) with eight reference pairs (L = 8). Seven
different models are compared with respect to sample mean
distortion, target domain volume occupancy, and K-nearest
neighbor inverse image dissimilarity as defined in Section 3.1.
Bold text indicates the best performance for the given measure.

Cost functions Measures
(L=238) d Vo d— Knn
(Baselines)
Pin 3.606 0.468 11.994
(0.174) (0.024) (1.323)
CAE + Pin 0.971 0.417 18.395
(0.030) (0.008) (0.437)
Pin+ BA 13.412 0.936 19.517
(0.744) (0.011) (3.382)
|| J H%+Pin+BA 6.116 0.936 15.638
(0.340) (0.008) (1.667)
HAE (a=0) 5.672 0.934 10.814
(0.187) (0.005) (1.012)
HAE (a=1) 5.980 0.931 9.948
(0.139) (0.010) (0.817)
HAE (adap, a=1) 5.950 0.936 11.031
(0.402) (0.006) (0.936)

to cover the target domain resulting in low values for VO.
Among the methods with comparable volume occupancy per-
formance (V0>0.93), the HAE models outperformed others
in terms of d and d-Knn, but the performance within HAE
models were mixed. HAE (a = 0) yielded the lowest distor-
tion, HAE (adap, @ =1) yielded the largest volume occu-
pancy, and HAE (a = 1) yielded the smallest d-Knn value.

In fact, we found that the robot poses automatically
selected by HAE (adap) closely resembled the poses
selected heuristically, as shown in Figure 9. This likely
explains the comparable performances of HAE (= 1) and
HAE (adap, a =1).

In addition, similar to the synthetic data experimental
results, the effect of & on model performance was found to
be marginal in our human-to-robot hand pose mapping

experiment. The two non-adaptive HAE models (¢« =0 and
a=1) performed similarly when varying the number of
reference pairs between 1 and 10 for the three performance
measures (Figure 10).

An error measure such as NMSE used in Section 3.2
may be useful to evaluate how the model output is different
from the ground-truth target data. In this experiment, such
an evaluation of error is not conducted because a ground-
truth dataset was not available. Instead, we visually show
that our model is capable of mapping a continuously per-
formed human hand motion to corresponding robot poses
in a natural way and in real time (Figure 12). Next, we
describe the trained model and a visualization of the map-
ping in more detail.

The reference poses selected by HAE (adap, a=1,
L=28) during the on-line training phase are shown in
Figure 9. The robot gripper poses were selected by the
model autonomously and sequentially, according to
Equations (11) and (12). Corresponding human hand poses
were determined and performed by the operator in real
time, then both the robot and human hand poses were fed
into the model to update the set of reference pairs and con-
tinue the training. This training phase is demonstrated in
Extension 1.

The selected robot and human hand poses are shown
within input and target domains, respectively, represented
in PCA-transformed 3D spaces as shown in Figure 13.
Three principal axes from 25-dimensional human hand
pose data and 4 dimensional robot gripper pose data are
each represented. We observe that the adaptively selected
reference points are primarily in the bounding areas of the
sample space. Based on the PCA representation shown in
Figure 13(b), the image of test samples f( Q). is Well dis-
tributed within X samples. This implies that most config-
urations of the robot gripper could be reached by the
learned mapping.

We demonstrate a continuous representative hand
motion to visually assess mapping performance of our
model from human to robot hand poses in Figure 12. The
human motion input was collected at 20 Hz from the
human hand via the sensor glove. The mapped robot hand
pose output was estimated at 50 kHz. The fast estimation
time of the model is promising for real-time applications.
Snapshots of human and robot hand poses are shown for
every 500 ms, denoted as go—qp4 for human hand poses
and x¢—xp4 for corresponding robot poses, within a 6-sec-
ond time period. The motion is also plotted in the PCA-
represented 3D space in Figure 13. A real-time human to
robot hand pose mapping is demonstrated in Extension 1.
For clarity, the demonstration is performed at a slower
speed (within a 14-second time period) than would other-
wise be necessary in practice.

While the trajectory of human-demonstrated motion did
not necessarily pass through training samples or reference
points, our learned model was capable of naturally map-
ping human hand poses to robot poses (Figure 12), which
implies that the mapping was successfully defined over
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Fig. 9. Illustration of eight reference pairs automatically selected from HAE (adap, o = 1) model (L = 8). The robot gripper poses
appear similar to poses selected heuristically by the human operator: (a) finger B open, (b) finger A, B open, (c) finger A, C open, (d)
finger B, C narrow open, (e) finger B, C wide open, (f) finger C open, (g) finger A open, and (h) all fingers closed. Corresponding
human hand poses were selected for a left hand as shown alongside each robot gripper pose and were fed into the HAE model during
the adaptive learning process.
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Fig. 12. A continuous 6-second human hand motion trajectory and its corresponding robot gripper motion trajectory mapped from
learned HAE (adap, a = 1) model (L = 8) are illustrated. Snapshots of the human and robot hand poses are shown for every 500 ms.

Each subfigure shows human hand poses in the upper row and robot gripper poses in the lower row. (a) Upper row: [qo, ¢2, - .
, q24]; lower row: [x12,X14, - .

lower row: [xg, X2, . ..,X12]. (b) Upper row: [g12,q14, - - -

input human hand pose and target robot gripper pose
domains.

3.4. Assessment of HAE and comparison with
related works

Our HAE approach is based on the well-established method
of harmonic mapping distortion from Park and Brockett
(1994) and Rifai et al. (2011). Aside from harmonic map-
ping, traditional mapping approaches between two different
domains include the self-organizing map (Kohonen, 1990),
the generative topographic mapping (Bishop et al., 1998),
and the autoencoder. However, in most cases, the aim is to
obtain a latent variable representation for visualization,
dimensionality reduction, or feature extraction. We could
not identify in the literature an established benchmark
method for mapping between two physical spaces for a
direct quantitative comparison with HAE.

In order to extend the mapping problem to two physical
spaces, we modeled functions f and g using neural

S q1al;
.,)C24].

networks and defined two constraint terms, Pin and BA.
We chose the neural networks model for its flexibility as a
global approximator and to take advantage of existing opti-
mization techniques and resources developed for neural
networks. We easily modified the cost function with two
novel constraints that enabled our model to learn a
distortion-minimizing mapping that satisfies given refer-
ence pairs and covers the target domain.

Instead of neural networks, one might consider using a
different model structure such as the Gaussian process
model, which is a powerful approximation tool when only
a small number of data points are available. One can also
derive the distortion, Pin, and BA terms using the mean
estimation function. A further study on the relationship
between different model structures and the characteristics
of a learned mapping would be an interesting topic for
future work.

Experimental results in Sections 3.2 and 3.3 clearly
show how each term of the HAE cost function contributes
to the metrics of performance. For all methods, a Pin term
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Fig. 13. Visualization of input and target domains for human and robot hand pose data with learned results from HAE (adap, o = 1)
model (L =8). Three principal axes from the 25-dimensional human hand pose data and 4-dimensional robot gripper pose data were
extracted using PCA for representation in 3D space. (a) Human hand pose in the 3D space: samples of the training set Qy,;, and test
set are shown as blue marks. (b) Robot gripper pose in the 3D space: robot hand pose samples X and mapping outputs from the
human hand pose test set f (étem) are shown. In both (a) and (b), red crosses denote reference points autonomously selected by the
adaptive model. A continuous sample trajectory passing through human hand poses from g to ¢4 and its image trajectory passing
through robot gripper poses from x to x4 are shown as black solid lines in (a) and (b), respectively.

was necessary in order to constrain input—target reference
pairs. The BA term was necessary for covering the target
domain. The baseline methods (Pin, CAE + Pin) that did
not use the BA term had smaller target domain volume
occupancy values VO (Tables 2 and 4).

Comparing |l/||% +Pin+BA and HAE (a=0), the
inclusion of the HAE autoencoding constraint (AE in Table
1) offers a distinct advantage in terms of d and d-Knn. This
suggests that AE provides additional useful regularization
while reconstructing the input data. Furthermore, a compari-
son between HAE (a¢=0) and HAE (o =1) shows that
adding Pin and BA terms to the reconstruction function g
enhances overall mapping quality; mapping performance
improved in terms of d-Knn with comparable VO and
NMSE. Although AE is commonly used for obtaining latent
representations for dimensionality reduction or feature
extraction, our results suggest that the AE structure is also
useful for learning a physically meaningful representation.

Recall that we purposely consider applications in which
it is costly to obtain a large number of reference data pairs.
As a result, the Pin term acts only on a small number of
input—target pairs. With the addition of a distortion term
||/]|5 in the cost function, a learned mapping will contract
as much as possible while being stretched to the pinned ref-
erence pairs. With the addition of BA and AE terms, the
mapping can leverage additional information using inde-
pendent samples from input and target domains. As more
reference pairs become available, we expect that the

benefits of incorporating the BA and AE terms will dimin-
ish until the benefits are outweighed by the computational
expense for training the two terms. If a sufficient number
of reference pairs are available, standard regression
approaches can be used; this scenario is not of interest in
this study. The addition of the BA and AE terms to
Equation (13) also introduces additional hyperparameters:
A2, A3, and a (whereas A; is from the original CAE
model). Note that we use the same set of hyperparameters
for all experiments while only changing A, for the Pin term
(1.0 or 2.0), thereby avoiding excessive offline tuning
effort. We are able to minimize hyperparameter tuning
efforts while still achieving good mapping performance.

There are a number of benefits of the HAE method.
First, the reference pairs required for the training phase of
the mapping can be performed by a non-expert operator
based on the operator’s intuition. Knowledge of how to
achieve a joint-to-joint mapping from the input to the target
domain for a specific task or robot platform is not neces-
sary. Furthermore, the training inputs can be customized to
the capabilities of the operator, which would be especially
useful for assistive robotics applications. Second, the HAE
architecture is not restricted to a specific kinematic struc-
ture such as a robotic gripper, but can be generally applied
to any of a number of high-DOF systems, e.g., a swarm of
robots. Lastly, the HAE uses physically meaningful cost
terms, resulting in an interpretable, straightforward
implementation.
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4. Concluding remarks

In this article, we have proposed a novel method, the HAE,
for learning a harmonic mapping by using a set of sample
points from an input domain, target domain, and a small
number of reference input—target data pairs. Our model
extends an existing generative neural network, the CAE, as
a building block to minimize distortion over the input sam-
ples, while covering the target domain and satisfying the
reference data pairs. We have provided detailed and repro-
ducible mathematical explanations on how the CAE can be
utilized to implement a learning-based, data-driven harmo-
nic mapping. To achieve a desired harmonic mapping, a
distance measure between point clouds is taken into
account within both the input and target domains (bound-
ary attraction), and enacts a penalizing estimation error on
the input—target reference pairs (pinning).

Although identifying reference pairs (including boundary
examples) can be expensive, it is a strength that our approach
works with a small number of reference pairs by incorporat-
ing the BA term. With a small number of reference pairs, a
map trained using a traditional autoencoder framework ( e.g.,
a baseline CAE) will not be able to efficiently cover the tar-
get domain. In contrast, the BA term can be calculated from
independent samples from each input/output domain with
unmatched sample sizes and without pairing information.

A set of input—target reference data pairs could be
selected automatically in an effective way by using an adap-
tive optimization criterion while training the HAE (adap).
We have demonstrated that pairs selected adaptively yield a
higher-performance mapping than pairs selected randomly,
and the mapping result is comparable to that from pairs
selected heuristically by the experimenter using intuition.

Our experimental results with synthetic data and human-
to-robot hand pose data have shown that, with several
input—target reference pairs, our method can learn a map-
ping that successfully covers the target domain and inherits
the beneficial property of minimal distortion from harmo-
nic mapping. By applying our model to human-to-robot
hand pose data with eight pose demonstrations, a natural
and continuous robotic hand motion trajectory was mapped
from human hand motion in real time.

Our method can be applied directly to applications of
gesturing and pre-shaping of grippers for grasp. For gripper
contact with an object or the environment, however, addi-
tional modifications would be necessary. For instance, one
could apply constraints to the gripper configuration space
or impose costs based on the degree of intrusion of the grip-
per through the object. Another approach, as implemented
in our hardware demonstration with the Robotiq 3-Finger
Adaptive Gripper, is to leverage an internal controller that
automatically limits grip forces. Regardless, our method
could be modularized to output mappings that are refined
prior to control of the robot hardware. At this time, account-
ing for contact dynamics is beyond the scope of this work.

Our analysis on variations of the HAE has highlighted
the purpose and importance of each term added to the CAE.

We have discussed our observations on map folding and
twisting, which can be detected by one of our proposed per-
formance metrics, d-Knn. The HAE models have produced
low d-Knn values, which implies that the reconstruction and
boundary attraction cost terms calculated over the input
domain could help avoid these extreme cases. We expect
that exhaustive tuning of the hyperparameters ( e.g., the
number of hidden variables, learning rate, optimization coef-
ficients) may lead to better performance than that illustrated
in this work. The tuning task requires additional computer
resources, and is beyond the scope of our current research.

To the best of the authors’ knowledge, this is the first
approach to implement a learning-based harmonic mapping
in a data-driven way. Our proposed method enables more
versatile and higher-dimensional applications by breaking
through limitations of existing harmonic mapping and self-
organizing map approaches. Whereas most existing harmo-
nic mapping and self-organizing map applications are lim-
ited by computational cost to numerically mapping images
between 2D and/or 3D spaces, the HAE approximates har-
monic mapping in a data-driven way so that the mapping
can be applied to high-dimensional applications, such as
human-to-robot hand pose mapping. The data-driven
approach allows our method to take advantage of a neural
network’s low computational complexity for estimation, as
well as its ability to learn useful representations from high-
dimensional raw data.

As our method does not rely on a specific kinematic
structure, we expect that the HAE can be generalized to var-
ious robotic structures or domains. We have shown that the
proposed method enables a continuous mapping of human-
to-robot hand poses with only a few reference pairs and in
real time. We believe that our study opens new pathways
for future research directions beyond the human-to-robot
hand pose mapping application.
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Appendix A. Index to Multimedia Extensions

Extension Description

Type

1 Video Human-to-robot hand pose mapping:

Training and real-time performance

Appendix B. Summary of notation

Notation Description

Input domain
Target domain
Variable in Q
Variable in X
Function from Q to X
Function from X to O
Set of samples from O
Set of samples from X
Number of elements in a set A
Jacobian matrix

2 Distortion
Set of reference pairs
Weighting coefficient in Equation (4) and (6)
Sample mean distortion

SZ R TR R X

<
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Appendix C. Derivation of Tr(J7J) = ||J||%
We derive Tr(J7J) = ||J |5 as follows:
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Appendix D. Derivation of J in Section 2.3

Given Equation (7), let a = Wq + h;. Then element (m, n)
of J is calculated using the chain rule as follows:

Jmn = af_m
9qn

_ Z Wm Ohy,i 0a;

— 0hy ; da; dqy

= g W, miziW1,in
7

where z;=0h ;/da;=1 if (Wiq+ b1);>0; otherwise 0.
Thus, J = W, - Diag(z) - W;.

Appendix E. Derivation of ||/|| in Section 2.3
* From Appendix D,

WIE= 3 s
= Z Z W2 miZi Wl in Z W2 mjZj Wl .Jn
= ZZZZJ Z WZ mi W2 mj Z W1 in WI,J”

= Zz,z,(W2 W)y (W),

ij

= Z(zz @WTWZG)WlW )i

ij

4.1 Appendix F. Figures for the synthetic data
experiment in Section 3.2

Model performance curves for SP2 (3D U-shape to 2D tri-
angle), SP3 (3D circle to 2D U-shape), and SP4 (2D square
to 3D clover) are shown in Figures 14—19. Sample mean
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Fig. 18. Volume occupancy VO with respect to the number of reference pairs L for synthetic data: (a) SP2 = 3D U-shape to 2D
triangle, (b) SP3 = 3D circle to 2D U-shape, and (c) SP4 = 2D square to 3D clover.

distortion d, volume occupancy VO, K-nearest neighbor
inverse image dissimilarity d-Knn, and NMSE with respect
to learning epoch are shown in Figures 14, 15, 16, and 17,

respectively. The evaluation results for VO and NMSE with
respect to the number of reference pairs L are shown in
Figures 18 and 19, respectively.
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